We discuss space-time symmetric Hamiltonian operators of the form H = H 0 +igH ′ , where H 0 is Hermitian and g real. H 0 is invariant under the unitary operations of a point group G while H ′ is invariant under transformation by elements of a subgroup G ′ of G. If G exhibits irreducible representations of dimension greater than unity, then it is possible that H has complex eigenvalues for sufficiently small nonzero values of g. In the particular case that H is parity-time symmetric then it appears to exhibit real eigenvalues for all 0 < g < g c , where g c is the exceptional point closest to the origin.
Introduction
In the last years there has been great interest in the properties of PTsymmetric multidimensional oscillators [1] [2] [3] [4] [5] [6] [7] [8] [9] . Among them we mention the complex versions of the Barbanis [1, 2, 4-6, 8, 9] and Hénon-Heiles [1, 6] Hamiltonians. Several methods have been applied to the calculation of their spectra: the diagonalization method [1-4, 6, 8] , perturbation theory [1, 3, 4, 6] , classical and semiclassical approaches [1, 2] , among others [6, 9] . Typically, those models depend on a potential parameter g so that the Hamiltonian is Hermitian when g = 0 and non-Hermitian when g = 0. Bender and Weir [8] conjectured that the models studied so far may exhibit PT phase transitions so that their spectra are entirely real for sufficiently small but nonzero values of |g|. Such phase transitions appear to be a high-energy phenomenon and take place at exceptional points [10] [11] [12] [13] . More precisely: as g increases two real eigenvalues approach each other, coalesce at an exceptional point g c and become a pair of complex conjugate numbers for g > g c . The PT phase transition takes place at the smallest g c .
Multidimensional oscillators exhibit point-group symmetry (PGS) [14, 15] .
Klaiman and Cederbaum [16] were the first to apply PGS to non-Hermitian Hamiltonians of the form H 0 +iλW to predict the symmetry of the eigenfunctions associated to the eigenvalues that coalesce at the exceptional points.
These authors proposed an interesting approach to study such points in terms of an effective Hermitian operator built from the Hermitian H 0 and non-Hermitian W parts of the original Hamiltonian operator. They also coined the term space-time symmetry that refers to a class of antiunitary symmetries that contain the PT symmetry as a particular case. The analysis of Klaiman and Cederbaum [16] was restricted to Abelian point groups that exhibit only one-dimensional irreducible representations (irreps).
The main interest in the study of PT-symmetric oscillators has been to enlarge the class of non-Hermitian Hamiltonians that exhibit real spectra, at least for some values of the potential parameter g (or λ). In such cases PT symmetry (or more generally ST symmetry) is broken at the exceptional points g c already mentioned above which can be efficiently calculated as critical parameters by means of the diagonalization method [17] . The PT phase transition is determined by the smallest |g c |. [18, 19] found some examples of ST-symmetric multidimensional oscillators that exhibit complex eigenvalues for g > 0 so that the phase transition appears to take place at the trivial Hermitian limit g = 0. Their results suggest that the more general ST symmetry is not as robust as the PT one and contradict some of the conjectures put forward by Klaiman and Cederbaum [16] based on PGS. In this paper we discuss this point in more detail, improve and extend the results and conclusions of those two papers, and look for more ST-symmetric models with broken ST symmetry for all values of the parameter g that measures the strength of the non-Hermitian part. In Section 2 we argue that perturbation theory is suitable to guess whether ST symmetry is broken at the Hermitian limit g = 0 or at an exceptional point g = g c > 0. In Section 3 we outline the main ideas of unitary and antiunitary symmetry in a way that improves the discussion in the earlier papers [17, 18] . In Section 4 we summarize some well known results about the application of the diagonalization method with symmetry-adapted basis sets. In sections 5 and 6 we illustrate the main ideas of sections 2, 3 and 4 by means of suitably chosen examples in two and three dimensions, respectively. Finally, in Section 7 we summarize the main results and draw conclusions.
By means of PGS Fernández and Garcia

Perturbation theory
Consider a Hamiltonian operator of the form
where
It follows from H(λ)ψ n (λ, r) = E n (λ)ψ n (λ, r) and the expression above that UH(λ)ψ n (λ, r) = H(−λ)Uψ n (λ, r) = E n (λ)Uψ n (λ, r). We appreciate that Uψ n (λ, r) is an eigenfunction ψ m (−λ, r) of H(−λ) with eigenvalue E m (−λ) = E n (λ). Since this equality holds for all λ we conclude that E n (0) = E m (0). Therefore, if H 0 does not exhibit degenerate eigenfunctions then m = n, E n (λ) = E n (−λ), and the perturbation expansion for this eigenvalue will only exhibit even powers of the perturbation parameter:
When λ = ig is imaginary (g real) this last equation suggests that the eigenvalues of the non-Hermitian operator H(λ) may be real for sufficiently small values of |g|. Furthermore, if T is the time-reversal operator [20] then A = T U is an antiunitary transformation that leaves the Hamiltonian H invariant AHA −1 = H and we say that it is ST symmetric [16] . For a detailed discussion of antiunitary operators see the paper by Wigner [21] .
The situation may be quite different when H 0 exhibits degenerate eigen-
If there are nonzero matrix elements of the form
then some of the perturbation corrections of first order may be nonzero and the corresponding eigenvalues
may be complex, at least for sufficiently small values of |g|. In other words:
one expects broken ST symmetry for g > 0 when H 0 exhibits degenerate eigenfunctions with nonzero matrix elements H ′ ij . As we will see below, PGS is most helpful for finding such examples.
Unitary and antiunitary symmetry
In this paper we consider Hamiltonian operators of the form (1) where λ = ig, g real. We assume that H 0 is Hermitian and invariant under the operations of the group G = {U 1 , U 2 , . . . , U m }:
we restrict ourselves to point groups [22, 23] 
then H is invariant under the operations of the point group G ′ . 
Suppose that
IfÂψ = aψ then E is real and we say that the space-time symmetry is unbroken. It may also be possible thatÂψ is a linear combination of degenerate eigenfunctions of H with eigenvalue E and we arrive at the same conclusion [17] . Klaiman and Cederbaum [16] coined the term space-time symmetry to indicate an antiunitary symmetryÂ = ST , where the unitary operator S may be other than the parity operation P : (x, y, z) → (−x, −y, −z).
Obviously, ST symmetry contains PT symmetry as a particular case (S = P ) and it is understood that in the latter case P belongs to G but not to G ′ .
Klaiman and Cederbaum [16] Because of what we have just discussed, in this paper we are mainly interested in the case that H 0 exhibits degenerate eigenfunctions (3) and G exhibits one or more irreps of dimension greater than one. As argued in n,j and H ′ belong to the irreps Γ n and Γ H ′ , respectively, then the matrix elements H ′ ij may be nonzero if the decomposition of the reducible representation Γ n ⊗Γ n ⊗Γ H ′ contains the totally symmetric irrep [22, 23] . Since ψ
vanishes unless H ′ is also parity invariant P H ′ P = H ′ . Therefore, under the latter condition it is likely that an ST-symmetric Hamiltonian may exhibit complex eigenvalues for sufficiently small values of |g|. On the other hand, all the PT-symmetric Hamiltonians studied so far exhibit real eigenvalues for 0 ≤ g < g c . This point has already been discussed in two recent papers [18, 19] .
In addition to the unitary and antiunitary symmetries outlined above it is worth considering possible dynamical symmetries. If O is an Hermitian operator that commutes with H 0 and ψ (0) is an eigenfunction of the latter with eigenvalue E (0) then Oψ (0) is also eigenfunction of H 0 with the same eigenvalue as follows from
and Oψ (0) belong to different irreps of the point group G for H 0 then the dimension of some of the eigenspaces of this operator cannot be explained solely by PGS (see [24] [25] [26] [27] [28] and the references therein).
Diagonalization method
Throughout this paper we calculate the eigenvalues of the non-Hermitian operator H by means of three approaches: the Riccati-Padé method [29, 30] , a collocation method [31, 32] , and the straightforward diagonalization method [1-4, 6, 8] that consists in obtaining the eigenvalues of a truncated matrix representation of the Hamiltonian operator in a suitable basis set. Commonly, one chooses a complete set of orthonormal functions F = {f 1 , f 2 , . . .} which we can split into subsets of symmetry-adapted functions [22, 23] . Instead of diagonalizing and M × M matrix representation H of the Hamiltonian operator in the basis set F we diagonalize
This strategy not only enables us to reduce the dimension of the matrices to be diagonalized but also facilitates the interpretation of the results [18, 19] .
Every eigenfunction of H that belongs to the irrep S can be written as a linear combination of the complete set of functions of the corresponding symmetry:
Suppose thatÂ = UT is an antiunitary symmetry of H such that the space transformation U changes the symmetry of the basis set according to
and that T f
On the other hand, Equation (6) tells us that HAψ S = E S * Aψ S and we
conclude that E S ′ = E S * under the conditions just stated. We will see some examples of this result in sections 5 and 6.
Two-dimensional models
In this section we consider some two-dimensional examples of the Hamiltonian (1). In order to discuss and illustrate their main ideas Klaiman and
) with only one-dimensional irreps and the numerical results suggest that the eigenvalues are real for 0 < g < g c , where g c is the exceptional point closest to the origin. In this section we consider closely related models with different PGS.
The first set of examples that we discuss in what follows is based on the Hermitian part
which is invariant under the operations {E,
Linear combinations of these eigenfunctions are bases for the irreps of the point group C 4v according to the following scheme:
According to Equation (10) we expect one-dimensional eigenspaces of symmetry A 1 , A 2 , B 1 , B 2 and two-dimensional ones of symmetry E. This is the degeneracy predicted by the geometrical symmetry of the Hamiltonian operator.
The Hermitian operator
commutes with H 0 and connects functions of different symmetry as follows from
Since O belongs to the irrep B 1 , B 1 ⊗ B 2 = A 2 and B 1 ⊗ B 1 = A 1 , then some functions of symmetry A 1 (A 2 ) are degenerate with functions of symmetry B 1 (B 2 ). Similar dynamical symmetries for simpler, exactly solvable, twodimensional models have been discussed elsewhere [25, 26] .
The first eigenvalues of the Hermitian Hamiltonian (9) calculated by means of the Riccati-Padé method [29, 30] shown in Table 3 illustrate the two types of degeneracy (geometrical and dynamical) just discussed.
If we add the perturbation H ′ = xy then the suitable point group G ′ results to be C 2v that we modify in order to make it compatible with the C 4v for H 0 . The corresponding modified character table is shown in Table 2 (compare it with the one in the standard textbooks [22, 23] ). The reflection operators in the C 4v point group are defined as
In this example of ST symmetry the rotation operation C 2 : (x, y) → (−x, −y) plays the role of the parity one and leaves the perturbation invariant
It is worth noting that we use the symbols σ d and σ Table 2 . The reason is that we have to define the unitary operations of the point group C 2v so that H ′ = xy belongs to the totally symmetric irrep A 1 .
The point group C 2v shown in Table 2 On the other hand, the perturbation corrections of first order for the pairs of degenerate states (A 1 , B 1 ) and (A 2 , B 2 ) (coming from dynamical symmetry) vanish as shown, for example, by ϕ
Consequently, the resulting eigenfunctions of H may have real eigenvalues for sufficiently small values of |g|.
By means of projection operators [22, 23] we easily prove that the connection between the eigenfunctions of H 0 and those of H is given by the following scheme:
As pointed out in section 4, in order to obtain the eigenvalues of the models discussed in this paper we resort to two independent methods: a collocation method [31, 32] and diagonalization of a truncated matrix rep- (xy(x 2 + y 2 )) of the point group C 4v and is also invariant under parity (C 2 in this case). In addition to it, H exhibits the same antiunitary symmetrieŝ
invariant under the unitary operations {E, C 2 } of the point group C 2 with irreps {A, B} (see Table 4 ), where we have obviously chosen Table 5 . In this case H is PT symmetric, where P = C 2 , and the perturbation connects the symmetry of the eigenfunctions of H 0 and H in the following way:
Since the four matrix elements of H ′ between a pair of E eigenfunctions of We can construct other interesting models by enclosing oscillators in boxes with impenetrable walls and suitable geometries. For example,
with the boundary conditions ψ(±1, y) = 0 and ψ(x, ±1) = 0 (square box of length L = 2). In this case we can also choose C 4v to describe the symmetry of the Hermitian part. When H ′ = xy 2 the eigenvalues are real for all 0 ≤ g < g c , while H ′ = xy produces complex eigenvalues of symmetry B 1 and B 2 for sufficiently small g > 0. These two models have already been discussed by Fernández and Garcia [19] . On the other hand, H ′ = xy 3 leads to complex conjugate eigenvalues of symmetry B for small g > 0 but some pairs of them separate into real ones, then approach each other and coalesce again at exceptional points. Since the symmetry of the Hermitian and non-Hermitian parts is identical to the examples discussed above the behaviour of the eigenvalues for the box models and the anharmonic oscillators is quite similar. The main difference is that in the case of the box models the exceptional points appear at much larger values of g.
The two dimensional isotropic harmonic oscillator
is invariant under the two-dimensional rotation group (we can choose the C ∞v point group [22, 23] ). In this case we draw the same conclusions as before. When H ′ = xy 2 we have the non-Hermitian version of the Barbanis Hamiltonian that has been widely studied [1, 2, 4-6, 8, 9] . Numerical calculations based on the diagonalization method, perturbation theory and other approaches suggest that its eigenvalues are real for all 0 ≤ g < g c , where g c is the exceptional point closest to the origin. If, on the other hand, H ′ = xy then some of the eigenvalues of the resulting exactly-solvable model are complex for all g [18] .
The models discussed in this section clearly show that ST symmetry does not guarantee a real spectrum unless S = P . Note that of all the perturbations studied above only H ′ = xy 2 satisfies this condition.
Three-dimensional models
We first consider the Hermitian Hamiltonian oscillator
where α x , α y and α z are real and positive. If the three potential parameters α q are different then this operator is invariant under the unitary transformations of the point group C i . Since its eigenfunctions belong to the one-dimensional irreps A g and B g , one expects the eigenvalues of any space-time symmetric
Hamiltonian H built from it to have real eigenvalues for some interval of parameter values 0 ≤ g < g c . If, for example, α x = α y = α z then H 0 is invariant under the operations of the point group C 4v and we expect results similar to those discussed in Section 5; that is to say: for some non-Hermitian perturbations the eigenvalues may be complex for sufficiently small g > 0.
Therefore, the most interesting case seems to be α x = α y = α z = α and without loss of generality in what follows we choose α = 1. In such a case H 0 is invariant under the unitary transformations of the point group O h shown in Table 6 . The degeneracy of the energy levels of a quantum-mechanical model with this PGS has been recently discussed [27, 28] .
If {i, j, k} P denotes all distinct permutations of the subscripts in the eigen-
. ., then their symmetry and dimension of the eigenspaces are given by (see reference [27] for a discussion of another quantum-mechanical problem with the same PGS):
{2n, 2n, 2n}
The dynamical symmetries that are responsible for the degeneracy of eigenfunctions belonging to different irreps (which cannot be explained by PGS)
are given by the Hermitian operators
which belong to the irrep E g . In order to obtain them we simply apply the projection operator P Eg to the two pairs of functions (x 2 , y 2 ) and (x 4 , y 4 ) as discussed elsewhere [27] .
If we take into account that
, then we realize that a perturbation H ′ belonging to the irrep T 2g will split those degenerate energy levels and produce complex eigenvalues for sufficiently small g > 0. According to the character table in Table 6 , any linear combination of the functions xy, xz and yz will suf- Table 7 . Note that H ′ is invariant under parity inversion P =î.
The connection between the eigenfunctions of H 0 and H is given by
and those corresponding to the three-dimensional irreps will produce complex eigenvalues for g > 0 as argued above. Equations (19) and (21) together summarize the splitting of the energy levels of an O h Hermitian Hamiltonian by a C 2h non-Hermitian perturbation. Another model with the same symmetry is given by
with the boundary conditions ψ(±1, y, z) = ψ(x, ±1, z) = ψ(x, y, ±1) = 0.
The point group for this system is also O h and was discussed in detail by
Fernández [27] and Hernández-Castillo and Lemus [28] . The dimensionless eigenvalues and eigenfunctions are
where n 1 , n 2 , n 3 = 1, 2, . . .. The symmetry of the eigenfunctions is similar to the scheme in equation (19) by substituting (2n 1 − 1, 2n 2 − 1, 2n 3 − 1) for (2m, 2n, 2k) and (2n 1 , 2n 2 , 2n 3 ) for (2m + 1, 2n + 1, 2k + 1) [27] .
Obviously, the same parity-invariant non-Hermitian perturbations discussed above lead to complex eigenvalues for g = 0. However, in this case we can easily calculate the perturbation corrections of first order analytically and show which eigenvalues are complex when g = 0. For example, for
we easily obtain the following perturbation expansions for the eigenvalues:
for the first eigenvalues. Those states with nonzero perturbation correction of first order are expected to be complex for sufficiently small |g|. The splitting of the energy levels of H 0 by the perturbation H ′ is also summarized by equations (19) and (21) with the substitutions already mentioned above.
For example, the three eigenfunctions of order zero generated by the label permutations {1, 1, 2} P are basis for the irrep T 1u when g = 0 and split into two B u with complex conjugate eigenvalues and one A u with real eigenvalue.
Conclusions
Throughout this paper we have discussed non-Hermitian Hamiltonian op- One of the main conclusions of this paper is that ST symmetry is not a satisfactory generalization of PT symmetry, except when the full point group of symmetry for H 0 is Abelian. An ST-symmetric Hamiltonian may exhibit complex eigenvalues for sufficiently small |g| when the unitary operation S is different from the parity inversion P . On the other hand, PT symmetry has led to real eigenvalues for all 0 < g < g c in all the cases studied so far. (18) with α x = α y = α z = 1.
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